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A Banach space X is called primary if for every (bounded linear) projection P 
on X either PX or (I- P) X is isomorphic to X. There are many primary 
Banach spaces (see, e.g., [4]). On the other hand, if X and Y are totally incom- 
parable (i.e., X is not isomorphic to a complemented subspace of Y and Y is not 
isomorphic to a complemented subspace of X) then it is clear that X x Y is not 
primary. Also, if X is not isomorphic to its Cartesian square then X x X is not 
primary. In this paper, we show that if X is a Banach space constructed by 
Figiel [6] which is not isomorphic to its Cartesian square, then there exists an 
uncountable set I and a family of pairwise nonisomorphic subspaces (X, Yi, 
ZilicI in X such that X = Yi @ .Zi for all i ~1. Thus the Figiel’s spaces are 
very much nonprimary. 
Figiel’s spaces are the only known uniformly convexifiable Banach spaces with 
unconditional bases which are not isomorphic to their Cartesian squares. The 
only other known Banach spaces which are not isomorphic to their Cartesian 
squares are quasi-reflexive spaces of positive order [l] and C(rU1) where w1 is the 
first uncountable ordinal [7]. It is interesting to note that the James’ space J [3] 
and C(rU1) [2] are primary. 
If  X and Y are Banach spaces such that X is isomorphic to a complemented 
subspace of Y and Y is isomorphic to a complemented subspace of X, it is 
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unknown whether X and Y must be isomorphic. Let us remark that it is easy 
to show that if both X and Y are primary and isomorphic to a complemented 
subspace of each other then X and Y are isomorphic. The same conclusion 
holds when both X and Y are isomorphic to their Cartesian squares as observed 
by Pelczynski. The study of Figiel’s spaces may she some light on this problem. 
The proof in [6] actually yields the following crucial fact: 
THEOREM. Let (p& be a jxed strictly decreasing sequence of real numbers 
greater than 2 and let p be aJixed number from the interval (1, lim, ~$1. Then there 
exists a sequence (n& such that the space X = (Czl I&, has the following 
property: if Y = (Czl Zz(i))9 where {h(i)}& zs a subsequence of positive integers, 
then for any n, Yn+l is not isomorphic to any subspace of X”. 
For the rest of the paper we shall assume that (p&r and (n,)i”_r are fixed 
sequences determined by the theorem and let X = (xi”=, I,“:), . We shall 
denote N to be the set of all positive integers and write X = Y when the Banach 
spaces X and Y are isomorphic. For a real number x, let [x] debote the greatest 
integer less than or equal to x. 
We omit the simple proof of the following: 
PROPOSITION 1. If (mJ& is a sequence of nonnegative integers such that 
supi 1 ni - mi ] < co then the space (CL=, Zz), is isomorphic to X. 
PROPOSITION 2. For a positive real number a, dejine Xa =z (Cz, Zp1)D . 
Then for all a > b > 0, X” is not isomorphic to a subspace of Xb. 
Proof. Since there exists a natural embedding of Xb into X” for all a > b > 0 
and there are rational numbers r1 and r2 such that a > r, > y2 > b, it suffices 
to prove Proposition 2 when both a and b are rational numbers. Let c be a positive 
integer such that ac and bc are integers. If Xa is isomorphic to a subspace of Xb 
then by Proposition 1 we conclude that Xac is isomorphic to a subspace of Xbc, 
which is impossible by the Theorem. 
COROLLARY 3. For any real number 0 < a < 1, X is isomorphic to Xa x XI-a 
and X is not isomorphic either to Xa or X1-a. 
We now exhibit another family (also uncountably many) of projection P on X 
such that X is neither isomorphic to PX nor to (I - P) X. 
Let S be the family of strictly increasing sequences in N. For each 
A = {h(i))z;, in S, define XA = (CzE, Zz(i))p . Since the natural basis of X 
is unconditional, for each A in S, there exists a natural projection Pa on X. 
Notice that I - PA = PN+ . 
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PROPOSITION 4. For any A, B in S, XA is isomorphic to a subspace of XB ;f and 
only ;f A - B is jinite. 
Proof. The sufficiency is clear. Suppose that XA is isomorphic to a subspace 
of XB and A - B is infinite. By taking a subsequence of A if necessary, we 
may assume that A n B = O. Then X M XB x XN-B 3 XB >( XA. Thus 
(XA)2 is isomorphic to a subspace of X, which is impossible by the Theorem. 
COROLLARY 5. For any A, B in S, XA is isomorphic to XB ;f and only ;f 
A n B is jnite. Hence ;f A is in S and N - A is infinite then X w xA x X”pA 
and X, XA, XN-A are not isomorphic. 
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